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We prove a version of the Schwarz Lemma in which the images of two points are
 .known. Two classical results due to Dieudonne and Rogosinski are simpleÂ
corollaries. Q 1997 Academic Press
 .We denote by D the open unit disk in C and by H D the collection of
  . < <  . 4holomorphic functions on D. Let F s f g H D : f - 1, f 0 s 0 . For
 .w g D we denote by f g Aut D the automorphism which interchangesw
 .  .  .0 and w, i.e., f l s w y l r 1 y wl . We will use the following easilyw
 w x .verified fact. See 2 , for example.
 < .  . < 4LEMMA. Let p, q g C, k / 1. The set l g C: l y p r l y q F k is
 .the closed disk D c, r with center and radius gi¨ en by
2 < <p y k q p y q
c s r s k .2 2< <1 y k 1 y k
 wThe following is a sharpened version of the Schwarz Lemma cf. 1, Sect.
x.6.3 in which the images of two points in D are known. This version
contains two classical results as corollaries.
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 .PROPOSITION. Let l g D. Then for all f g F such that f z s w0 0 0
 .  .  .z / 0 , the region of ¨alues of f l is D c, r , where0 0
< < 21 y f l l w .z 0 0 00c s ,2 2 z< < < <1 y w rz f l . 00 0 z 00
< < 21 y w rz0 0
< <r s l N N f l . .0 z 02 2 0< < < <1 y w rz f l .0 0 z 00
In particular,
< < < <w rz q f l .0 0 z 00< < < <f l F l , .0 0< <1 q w rz N N f l .0 0 z 00
and this inequality is sharp.
 .  .  . < <Proof. Set g l s f l rl; then g g H D and g - 1. The
Schwarz]Pick Lemma gives
g l y g l l y l .  .0 0F , l g D.
1 y l l1 y g l g l .  . 00
Letting l s z we obtain0
f l y l w rz w .0 0 0 0 0
< <F f l . .z 00zf l y l z rw .  . 00 0 0 0
 .Now the lemma and a little manipulation show that f l belongs to0
 .D c, r , with c and r as desired.
 .  .To see that D c, r is covered, let a g D and set f z s zfw r z0 0
  ..  .  .af z . Then f 0 s 0 and f z s w . To simplify notation, we writez 0 00
w0
s :s f l , t :s . .z 00 z0
Then a calculation shows that
< < 21 y t
f l s c q f a l f l . .  .  .0 ts 0 z 02 2 0< < < <1 y t s
 .Now a g D is arbitrary and f g Aut D , so the disk is covered.ts
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The last statement of the Proposition is verified by calculating
< < < <t q s
< < < <c q r s l .0< < < <1 q t s
 .  .  .COROLLARY 1 Dieudonne . For all f g F such that f z s w z / 0 ,Â 0 0 0
 .  .the region of ¨alues of f 9 z is D c , r , where0 1 1
< < 2 < < 2w z y w0 0 0
c s , r s .1 1 2z < < < <z 1 y z .0 0 0
  .Proof. Let l g D. The Proposition places the quotient f l y0 0
.  .  .  .  . < <w r l y z in D c, r , where c s c y w r l y z , r s rr l y z .Ã Ã Ã Ã0 0 0 0 0 0 0 0
With s and t as in the proof of the Proposition, we have
< < 2 < < 2 < < 2l w rz 1 y s y w 1 y t s .  .  .0 0 0 0
c sÃ 2 2< < < <l y z 1 y t s .  .0 0
2 2< < < <w l y z rz q s t y l rz .  .0 0 0 0 0 0s ,2 2< < < <l y z 1 y t s .  .0 0
< < < < < < 2l s 1 y t .0
r sÃ 2 2< < < < < <l y z 1 y t s .0 0
< < < < 2l 1 y t .0s .2 2< < < < < <1 y z l 1 y t s .0 0
Now it is easily verified that lim c s c and lim r s r .Ã Ãl ª z 1 l ª z 10 0 0 0
 .COROLLARY 2 Rogosinski . Let l g D. Then for all f g F, the region0
 .  .of ¨alues of f l is D c , r , where0 2 2
< < 2 < < 2 < < 2l f 9 0 1 y l l 1 y f 9 0 .  . . .0 0 0
c s , r s .2 22 2 2 2< < < < < < < <1 y l f 9 0 1 y l f 9 0 .  .0 0
Proof. In the Proposition we let z ª 0 and notice that0
w0
lim s f 9 0 . .
zz ª00 0
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Similarly, we obtain the following.
 .  .COROLLARY 3. For all f g F such that f z s w z / 0 , the region of0 0 0
 .  .¨alues of f 9 0 is D c , r , where3 3
< < 2 < < 2 < < 21 y z w z y w0 0 0 0
c s , r s .3 32 2z< < < < < <1 y w z 1 y w .00 0 0
One may continue in the same manner and obtain still sharper versions.
 .  .  .   ..For example, for f g F we set g l s f l rl and h l s f g l tof 90.
obtain more information about f.
 .  .  .  .  .  <  . < 2 .Observe that g 9 0 s f 0 0 r2, h 0 s0, and h9 0 s f 0 0 r2 f 9 0 y1 .
By Corollary 2 we have
< < < <l q h9 0 .
< < < <h l F l , .
< <1 q l NN h9 0 .
that is,
< < < <f l y l f 9 0 l q h9 0 .  .  .
< < < <F f 9 0 l . .
< <1 q l N N h9 0f l y lrf 9 0  . .  .
 .  .The Lemma then places f l in D c , r , where4 4
< < 2 < < < < 2l f 9 0 1 y a a l 1 y f 9 0 .  .  . .
c s , r s ;4 42 22 2< < < <1 y a f 9 0 1 y a f 9 0 .  .
< < < < < < 2l q f 0 0 r2 1 y f 9 0 .  . .
< <a:s l .2< < < < < <1 q l f 0 0 r2 1 y f 9 0 .  . . .
< <Adding c q r we obtain4 4
< <f 9 0 q a .
< < < <f l F l . .
< <1 q a f 9 0 .
This inequality is sharp.
<  . <We remark finally that since h9 0 F 1, we have the sharpened Cauchy
<  . < <  . < 2estimate f 0 0 r2 F 1 y f 9 0 .
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